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Abstract 

In the setting of homogeneous spaces {X,d,fj.), it is shown that the commutator of Calderon- 
Zygmund type operators as well as commutator of potential operator with BMO function are 
bounded in generalized Grand Morrey space. Interior estimates for solutions of elliptic equations 
are also given in the framework of generalized grand Morrey spaces. 
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1. Introduction 

In 1992 T. Iwaniec and C. Sbordone 12211 . in their studies related with the integrability prop- 
erties of the Jacobian in a bounded open set Q., introduced a new type of function spaces L'^'(Q), 
called grand Lebesgue spaces. A generalized version of them, L'^''*(Q) appeared in L. Greco, 



T. Iwaniec and C. Sbordone 112 111 . Harmonic analysis related to these spaces and their associate 
spaces (called small Lebesgue spaces), was intensively studied during last years due to various 
applications, we mention e.g 



• spaces), WHS mtensively 

11 HE IB Hi 



Recently in 113911 there was introduced a version of weighted grand Lebesgue spaces adjusted 
for sets f2 c R" of infinite measure, where the integrability of \fix)\''^'^ at infinity was controlled 
by means of a weight, and there grand grand Lebesgue spaces were also considered, together 
with the study of classical operators of harmonic analysis in such spaces. Another idea of in- 



troducing "bilateral" grand Lebesgue spaces on sets of infinite measure was suggested in Bill . 



where the structure of such spaces was investigated, not operators; the spaces in Bill are two 
parametrical with respect to the exponent p, with the norm involving sup^^^^,^^^ . 
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Morrey spaces L'' '* were introduced in 1938 by C. Morrey 113 31 in relation to regularity prob- 
lems of solutions to partial differential equations, and provided a useful tool in the regularity the- 
ory of PDE's (for Morrey spaces we refer to the books | lH 30|, see also |37] where an overview 
of various generalizations may be found). 

Recently, in the spirit of grand Lebesgue spaces, A. Meskhi Jsi , 35 ] introduced grand Morrey 
spaces (in 13411 it was already defined on quasi-metric measure spaces with doubling measure) 
and obtained results on the boundedness of the maximal operator, Calderon-Zygmund singular 
operators and Riesz potentials. The boundedness of commutators of singular and potential op- 
erators in grand Morrey spaces was already treated by X. Ye fl43ll . Note that the "grandification 
procedure" was applied only to the parameter p. 



This paper is a continuation of the work began in 03611 and II28I1 , where in the former the intro- 
duction of generalized grand Morrey spaces (in that paper they where called grand grand Morrey 
spaces) and the study of maximal and Calderon-Zygmund operators was done in the framework 
of the Euclidean spaces whereas in the latter paper the study of the boundedness of potential 
operators was done in the framework of generalized grand Morrey spaces in homogeneous and 
even in the nonhomogeneous case. 



Notation: 

dx denotes the diameter of the X set; 

A ~ B for positive A and B means that there exists c > such that c^^A ^ B ^ cA; 
B(x,r) ^{yeX: d{x,y) < r}; 
A < B stands for A ^ CB; 

by c and C we denote various absolute positive constants, which may have different values even 
in the same line; 

^ means continuous imbedding; 

/ dyu denotes the integral average of /, i.e. j-^fdfi : = ^ J^fd/u; 
p' stands for the conjugate exponent l/p + l/p' = 1 . 



2. Preliminaries 

2.1. Spaces of homogeneous type 

Let X := (X,d,fi) be a topological space with a complete measure ji such that the space of 
compactly supported continuous functions is dense in L^(X,fj) and d is a quasimetric, i.e. it is a 
non-negative real-valued function d onX xX which satisfies the conditions: 

(i) d{x, y) = if and only if x - y; 

(ii) there exists a constant C, > such that d{x, y) ^ C,[d{x, z) + d{z, y)], for all x, y, z 6 X, and 

(iii) there exists a constant Cj > such that d{x,y) ^ Cs ■ d(y, x), for all x,y e X. 

Let // be a positive measure on the cr-algebra of subsets of X which contains the t/-balls B{x, r). 
Everywhere in the sequel we assume that all the balls have a finite measure, that is, fiB(x, r) < oo 
for all X e X and r > and that for every neighborhood V of x e X, there exists r > such that 
Bix, r) c V. 
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We say that the measure // is lower a-Ahlfors regular, if 

HB{x,r)^cr" (1) 

and upper /3-Ahlfors regular (or, it satisfies the growth condition of degree jS), if 

fiB(x, r) < cr^, (2) 

where a,/3,c > does not depend on x and r. When a = /3, the measure fi is simply called 
a-Ahlfors regular. 

The condition 

fiB(x, 2r) Cd ■ fiB{x, r), Cd > 1 (3) 

on the measure ju with Cd not depending on x e X and < r < dx, is known as the doubling 
condition. 

Iterating it, we obtain 

iiB{x,R) //?V°S2 

L , ^Cd[-] , Q<ri^R (4) 
fiB(y, r) \r I 

for all ^^-balls and B(y, r) with r) c B(x,/?). 

The triplet (X,d,^), with ju satisfying the doubling condition, is called a space of homoge- 
neous type, abbreviated from now on simply as SHT. For some important examples of an SHT 
we refer e.g. to J?]]- 

From it follows that every homogeneous type space {X, d, p.) with finite measure is lower 
(log2 C(/)-Ahlfors regular. 

Throughout the paper we will also assume the following condition 

p(B{x,R)\B(x,r))>0 (5) 

for all X e X and r,R with < r < R < dx. The validity of the reverse doubling condition, 
following from the doubling condition under certain restrictions, is well known (cf., for example, 
I 42l p. 269]). For example, when (|5]l is valid and {X,d,p) is an SHT, then the measure yu also 
satisfies the reverse doubling condition 

^B{x, r) „l rV 



pBix,R) 

for appropriate positive constants C and y. For other conditions dealin g wi th the validity of the 
reverse doubling condition whenever the measure is doubling, see, e.g. 13811 . 

2.2. Generalized Lebesgue spaces 

For l<p<co,9>Q and Q < s < p - I the grand Lebesgue space is the set of measurable 
functions for which 

ll/llLpi^X/i) := sup e~||/||L'"(x,rt < oo, (7) 

where \\f\\l,^x,fi) •= Ix l/WI'' ^/^O')- In the case 6» = 1, we denote LP^-\X,yL) LP\X,p). 
When pX < oo, then for all < e < p - 1 < 0i < 02 we have 

L'UX, p) ^ l(!'''(X, p) ^^''\X, p) ^ L>:;\X, p), 

where w is a Muckenhoupt weight. 



For more properties of grand Lebesgue spaces, see 112411 . 
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2.3. Morrey spaces 

For 1 ^ /5 < oo and ^ /i < 1, the usual Morrey space L''-'*{X,fi) is introduced as the set of 
all measurable functions such that 

\\f\\i^-Hx,,) sup ( J / IfiyWdfiiy)]" <<x,. (8) 



0<r<dx 



2.4. BMO space 

The space of bounded mean oscillation, denoted by BMO(X, ji), is the set of all real-valued 
locally integrable functions such that 

II/IIbmo(x,,.) = sup —J—rf \f(y)-fB(.x,r)\dfi(y)<oo, (9) 

xeX n JB(x,r) 

0<r<dx 

where fBu.r) is the integral average over the ball B{x,r). BMO(X,//) is a Banach space with 
respect to the norm 1 1 ■ | Ibmo A*) when we regard the space BMO(X, ^) as the class of equivalent 
functions modulo additive constants. 

Remark 2.1. In this remark, we give equivalent norms for BMO(X, /Y)-functions, namely 

(i) we can define an equivalente norm in BMO(X, fi) as 

II/IIbmo(x,,/) ~ sup inf ] [ \f(y)-c\d^iy), (10) 

0<r<dx 

(ii) the John-Nirenberg inequality give us another equivalent norm for BMO(X,ju)-functions 
given by 

II/IIbMO(X,;.) ~ sup [— ^ /" \m-fB(x,rrdfl(y)]" (11) 

0<r<dx 

valid for 1 < /9 < oo, where /b stands for the integral average. 

2.5. Maximal operators 

We denote by Mf the Hardy-Littlewood maximal operator, given by 



Mf(x)^ sup f \f(y)\d^i(y), (12) 

0<r<d J B{x,r) 

for X e X. 

From issll we have the following boundedness result for Morrey spaces. 
Lemma 2.2. Let 1 < p < oo and ^ A < 1. Then 

imWir-HX.,) ^ (cb""ip')T> + 

holds, where the constant b ^ I arises in the doubling condition for // and C is the constant 
independent of p. 
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By Msf we define the following maximal operator 

MJ{x) := (Ml/10 ' 

for 1 ^ 5 < oo. Using Lemma l272l it is easy to obtain that the following boundedness result. 
Lemma 2.3. Let \ < s < p < oo and ^ i < 1. Then 

< [cb^'^'Upisyy + 1) ii/ii^,.(x,;.) . 

holds, where the constant b ^ I arises in the doubling condition for /i and C is the constant 
independent of p. 

When i = 0, we have LP{X,jj.) boundedness of Msf. 

We will also need another maximal operator, namely the so-called sharp maximal operator. 

Definition 2.4 (Sharp maximal function). For all locally integrable function / and x e X, we 
denote the sharp maximal function fHx) by 

fHx)^ sup / / \f{y)-fBi.,r)\dp(y). 

It is immediate from the definition of the sharp maximal function that it is a.e. pointwise 
dominated by the maximal function, f\x) ^ 2Mf(x), but we also have some relation in the 
other direction, namely we have the so-called Fefferman- Stein inequality proved in the case of 
Lebesgue spaces in the Euclidean setting in ifisll . Our version is taken from 1 32|, namely 

Lemma 2.5. Let 1 < p < oo and let ^ A < 1. Then 

l|M/l|„.,;,,,)^$C(/,''/'^+l)||/«||^,,^^^^,. 

2.6. Calderdn-Zygmund singular operators 

We follow llssll in this section, in particular, making use of the following definition of the 
Calderon-Zygmund singular operators. Namely, the Calderon-Zygmund operator is defined as 
the integral operator 

r/(x)=p.v. / K(x,y)f(y) dfiiy) 



with the kernel K : X x X\{{x, x) : x e Q.) ^ R being a measurable function satisfying the 
conditions: 



(ii) \K(xuy) - K{x2,y)\ + \K(y,xi) - K(y,X2)\ ^ Cw 



d{x2,xi)\ 1 



d{x2,y) j fiB(x2,dix2,y)) 



for all xi, X2 and y with d(x2,y) ^ Cd(x\,X2), where w is a positive non-decreasing function on 

r 1 

(0, oo) which satisfies the A2 condition w{2t) ^ cw(t) (t > 0) and the Dini condition Jq w(t)/t dt < 
00. We also assume that Tf exists almost everywhere on X in the principal value sense for all 
/ E L^(X) and that T is bounded in L-(X). 

The boundedness of such Calderon-Zygmund operators in Morrey spaces is valid, as can be seen 
in the following Proposition, proved in ll35ll . 
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Proposition 2.6. Let 1 < p < oo and ^ A < 1. Then 

\\Tf\\D'''{X.ti) ^ CpJ\f\\LP..^x,ij) 

where 

f A + + ^ ifl<P<2, 

with c not depending on p and A. 
2.7. Commutators 

Let U be an operator and b a locally integrable function. We define the commutator {b, U]f 

as 

[b, U]f - bU(f) - U(bf). 

Commutators are very useful when studying problems related with regularity of solutions of el- 
liptic partial differential equations of second order, e.g., fl, lEl 



3. Generalized grand Morrey spaces and tlie reduction lemma 

In this section we will assume that the measure fj. is upper y-Ahlfors regular All the stated 
results in this section were proved in [28j. 

We introduce the following functional 

0^;^(/,5) := sup ^(e)F^||/|L„-.,,-.,.,(;,,^), (14) 

0<s<s 

where 5 is a positive number and A is a non-negative function defined on (0, p - I). 

Definition 3.1 (Generalized grand Morrey spaces). Let l</5<oo, 0^/l<l,i/3bea positive 
bounded function with lim,^o+ y(f) = and A be a non-decreasing real-valued non-negative 
function with lim,-^o+ ^(:c) = 0. By L^^f(X,ii) we denote the space of measurable functions 
having the finite norm 

II/IIl^';"(X) •= '^^A^f' ■'max), W = min {p - 1, a} , (15) 



where a - sup{x > : A{x) ^ A). 

Remark 3.2. For appropriate (f, in the case A = 0, /I > we recover the Grand Morrey spaces 
introduced in A. Meskhi |35|, and when A - 0, A s we have the grand Lebesgue spaces 
introduced in 12111 (and in ll22ll in the case 6=1). 

For fixed p,A,(p,A,f we have that s i-> '^'^''\{f,s) is a non-decreasing function, but it is 
possible to estimate <1*^'^(/, s) via <1)^'^(/, cr) with o" < i as follows. 
Lemma 3.3. For < cr < s < imax we have that 



^) C^(c^)"^<l(/, (T), (16) 

where C depends on y, the parameters p,A,ip,A and the diameter dx, but does not depend on 
/, s and cr. 
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From Lemma l3T3l we immediately have 
Lemma 3.4. For < cr < ^max, the norm defined in (I15l l has the following dominant 

^ —, (17) 

ip{a-)~ 

where C depends on y, the parameters p. A, tp,A and the diameter dx, but does not depend on f 
and cr. 

Lemma 3.5 (Extended reduction lemma). Let U and Abe operators (not necessarily sublinears) 
satisfying the following relation in Morrey spaces 

W f\\L<i--!..i-Ajjs)(x) =^ Cp_e,^_A,(e),?-e,^-A2(£)l|A/||iP-=„l-i,(=)(;f) (18) 

for all sufficiently small s e (0, cr], where < cr < s^aji. If 

sup C p-e„\-Ai{e),<l-B,A-A2{e) < °° (19) 
0<e<cr 

and 

_]_ 

sup Z^±^ < oo, (20) 
0<£<o- ip{e) f-" 

then the relation is also valid in the generalized grand Morrey space 

l|t//lli.u, C||A/||^.u,™ (21) 

with 

Co 

- — sup Cp-E,A-At{s),g-E,A-A2{e), 

ipicr)'-' 0<£<o- 

where Co may depend on y, p. A, (f, A and dx, but does not depend on cr and f. 



Proof. The proof follows the same lines as for the case where A is the identity operator, see 112811 . 
Q for that proof. □ 

Using the reduction lemma we obtain the boundedness of maximal and Calderon-Zygmund 
operators in generalized grand Morrey spaces, namely. 

Theorem 3.6. Let \ < p < oa and ^ /I < 1. Then the Hardy-Littlewood maximal operator is 
boundedfrom L^^'^\x,p) to L^'^\x,p) if there exists small o' such that supQ^^^^ ip(E)~ I (f(e)~ < 

CO. 

Theorem 3.7. Let \ < p < oo, 6 > Q and let < A < 1. Then the Calderon-Zygmund operator 
T is bounded in the generalized grand Morrey spaces L'g^\x, fj). 
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4. Boundedness of Commutators in Generalized Grand Morrey spaces 



4.1. Commutator of Calderdn-Zygmund operators 

Before proving the main result in this subsection, we need some auxihary results. The fol- 



lowing lemma was proved in 114311 but we give the proof for completeness of presentation. 



Lemma 4.1. Let T be a Calderon-Zygmund operator, < i < oo, ifb € BMO(X,yu), then there 
exist a constant C > such that for all functions f with compact support, 

{[b, T]f)\x) ^ C II^IIbmocx,;.) (MsiTfXx) + MAf){x)) . (22) 
Proof. For any ball B - B(x, r) c X, we write 

[b,T]f{y)^[b-b2B,T]f{y) 

^(b- b2B)Tf(y) - T{{b - b2B)fX2B){y) -T[{b- b2B)fX(2Bf)(y) 

^I,(y)-l2(y)-l3(y)- 

Then, we obtain 

\[b, T]f(y) - l3(z)\ dfi(y) / \b(y) - b2B\\Tf(y)\ dp(y) + / \mb - b2B)fX2B)(y)\ dfx(y) 

B J B J B 



+ i\T{{b- b2B)fXi2Bf) (y) -T{{b- b2B)fxaBf) U)| d^i(y) 

J B 



■.^^i{x) + .Mx) + -y3{x,z). 

The estimation J^i(x) ^ C \\b\\^y[0(x,ii) Ms{Tf(x)) is obtained via Holder's inequality. 

To estimate J^2, there exists sq, si > 1, such that I/sq = + by Holder's inequality, 
the U boundedness of T and the Remark lCTI we have 

1/^0 



J^2ix) ^ \T(ib - b2B)fX2B){y)r dfiiy) 



\b{y) - b2Br dpiy)] U \f(yt d^i(y)\ 



B 



< 

<\\b\\BMO(X,^)Ms(f(x)). 

For any z E B and y e (2B)^, 2d{z, x) ^ d(y, x); it follows from (ii) of the definition of Calderon- 
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Zygmund operator that 

=^3W < / /" \K(z,y) - K(x,y)\\b(y) - ^zbII/MI d/i(y)d/i(z) 

Jb J(2By 

<I f ——^——\b(y) - b2B\\f(y)\ dfiiy) dfiiz) 

Jb J{2Bf \d(y, x)j ^iB(x, d(x,y)) 

°° If 
^ E ^ (2"') m ^k, / - b2B\\f(y)\ d^i(y) 

oo 

Z ^ (2"') o..,.. / 1^(3') - ^2fii'' My) 



< 

k=l 



OO 

BM0(x,,)MAf)(x)Y,^{2-'), 



imfdniy) 



since w(f) is a positive non-decreasing function on (0, oo) and satisfies the Dini condition, 

'1 



y^i2-')^cf ^dt 



< oo. 



Therefore, we have J^{x) < \\b\\sMO{x.,t) Ms{f)(x). Thus 



([b, T]f)\x) = sup inf j- \[b, T]f(y) - dfi(y) 



0<r<d "<='^ J B(x,r) 

< II^IIbmo(x,^) (M.ATf)(x) + M,(/)(x)). □ 

Lemma 4.2. Let I < p < oo, < A < I, (p and A as in the definition of generalized grand Morrey 
spaces. Ifb€ BMO(X, p), then we have 

(i) l|M([Z,,r]/)||,,..„,^^, < \\i[b,T]ff\l^,,^^^^^; 

Hi) < l|/.|lBMO(x,,)(llM.(r/)||,,u,^^_^, + ||M,/||,,,u,(^,^J, 

where M is the maximal operator and T is the Calderon-Zygmund operator 



Proof. The result of (i) follows at once taking into account Lemmas 12.51 and 13.51 For (ii), we 
simply use the pointwise estimate (l22ll . □ 



Theorem 4.3. Let 1 < p < oo, > and < A < 1. Suppose T is a Calderon-Zygmund operator 
and b e BMO(X, p.). Then the commutator [b, T] is bounded in Lg^^^ (X, p). 

Proof. For any 1 < p < oa, > Q and Q ^ A < 1 , there exists an s such that \ < s < p < oo and 
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sufficiently small positive number cr. By above lemmas, we have 

II[^'7']/IIl,^«(x,.)^II^([^'7']/)IIl£"(x,,) 



«;ciifiL„ww,.. 



□ 



4.2. Commutators of potential operators 
Let < a < 1 and let 



be the potential operator. 

The following lemma was shown in 14311 which follows from well-known arguments; we give 
the proof with slight modification for completeness of presentation and for convenience of the 
reader 

Lemma 4.4. Let I" be a potential operator, 1 < p < oo, Q < a < {\ - X) I p, Q ^ A < 1 and 
l/p — l/q — a/(l — A). Ifb e BMO{X, p), then there exists a constant Cp^a,A > such that for all 
functions f with compact support, 

(23) 

where 

Cp,,,a,A = c {b''"'(ip/sy)f- + 1)'^ ' + Yzrjz^) ^^p"^"" + 1]- (24) 

Proof. For any ball B = B(x, r) cz X and any real number c, we write 

[b,I,]f(y)^[b-c,h,]f{y) 

= {b- c)Ff{y) - I"{{b - c)fxc,B)(y) - I" {{b - c)fx^,,Bf)iy) 

= Aiy) - My) - -My), 

where cq is the constant depending on C, and Cj, and will be determined later Then, by the 
sublinearity of the maximal operator, we have 

M{{bJ„\f){x) MJi(x) + Mj^2{x) + MJ^ix). 
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For M^i(x), we have the pointwise estimate MJ^i{x) ^ C ||/7||bmo(X//) ^.s(^"/W) which 
follows from Holder's inequality. Taking the boundedness of and /" into account, we have 

< {b''"''((p/sy)i + 1) \\b\\^uo(x,,) II/"/I1l..(x„) (25) 

S Cp,a,A \\b\\BMO(X,iA) II/IIli'-'CX/j) ' 

where Cp^„j is (l24l i. 

For 1 <i< p < oo, Q < a < {I - A)/ p, there exists sq, si,t(),t > 1 , such that I/sq = I /to - a, 
1/fo - l/ii + and i/f = {ap)/{l-A). By Holder's inequality together with Jensen's inequality 
and the fact that /" is of strong type (fo, sq) we have (remembering that B :- B(x, r)) 



< sup U\h{{b-c)fxc,B){yTMy) 

0<i<dx \J B 

^ '"P ( f l%)-c|'°l/0')l'°d//0')) 

0<r<dx\j"(^) ° Jc,B I 

< sup (/ \b(y) - c\'' Afiiy) 

0<r<dx \JcoB 



JcaB 



fl(coB) 



< II^IIbmocx,;.) sup picoB)"-- / \f(y)\'dp{y) 

Q<r<dx \JcoB 



picoBy-f'{l IfiyTdpiy) ' 

coB 



< II^IIbmocx,;.) ^sup picBr-^^^-"^ ^ l/Wr dp{y)^ ' ' (j^^^, I ^ \fiy)f My)J' 
sup (/ \f(y)\' dp(y)] 

<r<dx \JcoB J 



7(1-7) 



< 



{Msfix)) 



1_ '^/^ 

^ 1-A 



(26) 



< II^IIbmo(x,;.) II/Ii5(x.^) IIMjllf^" (27) 

< 



Consequently, by Lemma [231 

\\mj^2\\l',-hx.,} < ii^iibmocx.;.) \\(Mjy-^' 

IIbmo(x,/j) II-^^i/II^/u 

{Cp,a,Ay'^'' II^IIbMO(Xju) II/IIl''-'(X,//) ' 

where Cp^a,A is (l24l l. 

Since we have the validity of the reverse doubling condition, see (|6]l, there exists constants 
< Q-, yS < 1 such that for all x 6 X and small positive r, pB{x, ar) ^ /3pB(x, r). Let us take an 
integer m so that a"'dx is suffici ently small. 

Observe now that (see also Hp. 929]) if z E B(x,r), then B{x,r) c B(z,C,(C, + l)r) c 
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B (x, C,(C,(C.5 + 1) + l)r) (rewrite it simply as B{x, r) c B{z, c\r) c B{x, cirj). Hence, 
\\M^,\\u,.Hx,,) ^ sup f J [ myi)(y)\''df,(y)]" 

0<r<dx 

< sup iiB{x,r)^ sup / \J^i(y)\diu{y) 

xeX BcB(z,cir) t^o{Z,Cir) J B(:„cin 

0<r<dx 

< sup ^iB(z,cir)^-' [ \y3(y)\dfi(y). 

BcB(z,c,r) JB(z,c,r) 

Further, notice that when cq is an appropriate constant, B c B(z,c\r), y e B{z,c\r), a'"d(y,z) < 
d(y, t) < a"'^^d{y,z) and z e {cqBY, then d{x, f) > cor, where cq depends on Ci, Cs and cq; it is 
also easy to see check that there are positive constants bi, b2 and such that B(y, bid(y, t)) c 
B(x, b2d{x, f)) c B( y, b jdjy, t)). Consequently, by using Fubini's theorem, estimates of integrals 



(see Lemma 1.2 in 112511 ') we have fory € B{z,cir), 



^3(y)< / mz)-c)f{z)\^iB{y,d{y,z)r-'dfi{z) 

IX\coB 



[ mz) - c)f(z)\ I [ fiBiy, d(y, t))"-^ d^i{t)\ d/i(z) 

JX\caB \J B(y,a"d(y.zy)\B(y,a'"-^d(y,z)) J 

[ fxB(y, d(y, Df-^ f [ Mz) - c)f{z)\ dfxiz)] dfiit) 

Jx\B(x.Cor) \JBiY.a-'"d(y.t)) I 

^C\\b\\ / ^lB{y,d{y,t)r-'^ 



fiB(y,a^ ""diyj)) JB(y,a^-'d(y,t)) I 



^ C \\b\\^uo(x,,) WfUnx,,) / l^Biy, d(y, f))""^"' d^i(t) 

Jx\B(x,C(,r) 

CnB(x,ry''r \\b\\sMO(x,^l) ll/llL" i(x,,i) ■ 
Thus applying the relation between B{x, r) and B{z, r) we find that 



\\MJi\\u,x(x,^,)<\\b\\Buo(x.,i)\\f\\LPHx,ii) sup fiB{z, cir) " 

BcB(z,c,r) (28) 
^ ll^llBMO(X,/i) \\f\\Li''>(X,fi) ■ 

Gathering ( |25] |. dZTl i. ( l28l l it is easy to show that 

Hx,ii) ^ II^IIbmo(x,//) ■ n 

Before proving the next result, we define the following auxiliary functions which where 



introduced in 128 1 
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Definition 4.5 (auxiliary functions). On an interval {0,6], 6 is small, we define the following 
functions: 

(x-q)(l-A+A2(x)) {p-x)(l-A+Ai(x)) 
(p{x) := p + , . , , ; -, 0U) := ? - 



\ - A+ Aiix) - a{x - q) \ - A+ A\{x)- a(p - x) 



1-A+A2(x) 1 - A+Ai(j])-{p-7])a 

(P(x) 4>(x)^^''\ 0(jt;) ^Cjc/^-"' 

for 01 > 0. 

Tlieorem 4.6. Lef Z^e a potential operator and let M be the maximal operator Assume that 
1 < /9 < oo, < a < (1 - A)lp, < A < \, \ I p - \ Iq = a/{l — A). Suppose that 9 \ > and that 
^ 0\[\ + aq/(l — A)]. Let Ai and A2 be continuous non-negative functions on {0,p — 1] and 
{0,q — 1] respectively satisfying the conditions: 

(i) A2 e C'((0, 6]) for some positive 6 > 0; 

(ii) lim.i-^o+ A2(x) = 0; 

(Hi) < B := lim,^o+ ^A^i^) < 

(iv) Ai(ri) — A2{4>^^{ri)), where is the inverse of 4> on (0, 6] for some 5 > 0. 
Ifb € BMO{X,iS), then the operator M{[b, I"]) is bounded from L^^'-j* (X,yu) to if'^l {X,n). 

Proof. We note that it is enough to prove the theorem for 02 - 0i(1 + y^) because e"- ^ e^i('+T^* 
for 62 > 0\{\ + (aq)/{l - A)] and small s. We also note that, by L' Hospital rule, 0(x) ~ x as 
X — > 0+ since B < (l - A)-/{aq^). Moreover, (p is invertible near 0, since ^(x) > 0. Under the 
conditions of Theorem l4.6l the function A 1 is continuous on (0, 6] and lim 1^0+ Ai{x) -Q. With all 
of the previous remarks taken into account, it is enough to prove the boundedness of M{[b, I"]) 
from Lg|'^' (X, yu) to L^'^'(X,yL() since 0(x) ~ jc'^ra, and consequently, i//(x) - (f>{x^^) ~ x*'('+rir) 
as X — > 0. 

The case cr < e ^ s^^^^, where Smux is from (fTSl l. Letting 
we have 



/ < ifr^{s)fiB{x,r)^^ U m[b,nf)(y)r'' AtJi{y) 

\jB(x.r) 

< (A^(£)/iB(x,r)^^ (/ \M([b,nf)(y)r''dti(y) 



B(x.r) 



< sup (A^(e)W^('^) sup supl— / \M{[b,nf)(y)r''dfi(y) 



r>0 
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where the first inequality comes from Holder's inequality and the second one is due to the fact 
that A2 is bounded on [cr, ^ - 1) and x i-> (1 - A)/(q - x) is an increasing function. Hence, it is 
enough to consider the case < e ^ cr. 

The case < e ^ cr. Let rj and e be chosen so that 

' ' « (29, 



p - 1] q — s \ — A + A2(e) 

Obviously we have that e — > if and only if — > and solving 77 with respect to e in ( |29] l we 
obtain 

_ (g-e)(l-i+A2(e)) ^ - 
^ ^ 1-A+ A2(e) - a{e - q) 

Letting 

' - ^-^^i ,Bix!rY--S. f |M([M^]/)W|-d,(.))" 



we have 



< c,_,„_,„,_.,, ,i^^^(.)sup( ^^^^^-;^;_,^^^^ /^^^^^^ i/wi-'MM.))'^ 



f>0 



where the first inequality is due to Lemma |4!4| and the constant Cp-,j^q-e,a.A-A-.(e) is the one from 
(I24I 1. The last inequality is due to the fact that 77 = ^(s). Since the constant in the last inequality 
is uniformly bounded with respect to e we obtain the desired boundedness of the operator □ 

Corollary 4.7. Let the conditions of Theorem \4.6\ be fullfiled. Then the commutator [b, /„] is 
bounded from L^^''j^ {X,n) to if^}^ {X,n). 

Proof. The result follows by the previous theorem and by the inequality 

5. Interior estimate of elliptic equations 

In this section we apply the main result of this paper to establish some interior estimates of 



solutions to nondivergence elliptic equations with VMO coefficients, (see also the paper 113211 for 
related topics). Suppose n > 3 and f2 is an open set in R". Let 

n 

Lu — ^ aij(x)(d^ /dxidxj), 
where a,j = Oj, for j - 1,2, ■ ■ ■ , n, a.e. in Q; assume that there exists C > such that, for 

y^iyu ■■■ , yn)eR'\ 
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denote by (A,y)„x„ the inverse of the matrix (aij)„x„- For x e Q and y e IR", let 



K(x, y) 



[(n - 2)C„ ydet(a,/jf))] l^y^ 
5^ 



2 ^'V(^)3'. 



l-;i/2 



and Kiix, y) = — /:(^, y), Kij{x, y) = y). 
oyi oxiOXj 

We denote by VMO{Q^ the class of all locally integrable functions with vanishing mean 

oscillation introduced in ll40ll . From flls!. we obtain the interior representation formula, that is, 

if Uij e VMO n L°°(Q) and u e wl^'iO.), 1 < r < oo (see fl, ||5ll,||2o|l). 



Mxix/jc) = P.V. / Kij(x, x-y) (aki(x) - aki{y))u^^^fy) + Lu(y) 
■'^ U,/=i 



dy 

+ Lu(x) 



/ Ki{x,y)yj 

J\y\=l 



a.e. for x e B c Q, where B is a ball in O. We also set 

M ;= max max\\d"Kii(x,y)/dy"\\,^ . 

To prove the next statement we need local version of Theorem 4.3 (see also Theorem 2.4 in 101 
or Theorem 2.13 in (jsl)- 

Corollary A. Let I < p < oo and let D. be a bounded domain in R". Suppose that a € 
VMO n L°°. Asswne that T is the Calderon-Zygmund operator defined on Q and that rj is the 
VMO modulus of a. Then for any s > 0, there exists a positive number p — p{e, rj) such that for 
any balls B,- with the conditions: Q., '.- B,CiQ. r & (0,p) and all f e Lg'^''(Q,.) the inequality 

\\[a, r]/lli.pM(a,-) ^ CE\\f\\^„u^^^^^ 

is fulfilled. 

Theorem 5.1. Let Q. be a bounded domain in R". Suppose that \ < p,r < oo. Let aij e 
VMO(fi) n L°°, /, j — 1,2, ■ ■ ■ , n. Suppose that rjij is the VMO modulus of ajj; we set rj — 

I \l/2 

( Tli j=\ ^ij) ■ Suppose also that M < oo. Then there is a positive constant p — p(n, r, p. A, M, 6, A, rf) 
such that for all balls B <Z Q. with radius smaller than p, and u satisfying the conditions 



u € w}/{'^), ||Lm||,p).,i(B) < oo we have that Mi- i- e L''''^{B) and, moreover, there exists a positive 
constant C — Cin, p. A, 0, M,A, rj) such that 



Proof. It is easy to verify that Kij satisfies the condition in Corollary by the representation of 
Uxjx and the conditions of Kij. Thus, from Corollary A, we deduce, for any e > 0, 
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Choosing e to be small enough (e.g. e < 1), we then obtain 

This finishes the proof. □ 
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